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Owing to their highly coherent emission and compact form factor, Brillouin lasers have been identified as a
valuable asset for applications including portable atomic clocks, precision sensors, coherent microwave synthe-
sis, and energy-efficient approaches to coherent communications. While the fundamental emission linewidth of
these lasers can be very narrow, noise within dielectric materials leads to drift in the carrier frequency, posing
vexing challenges for applications requiring ultrastable emission. A unified understanding of Brillouin laser
performance may provide critical insights to reach new levels of frequency stability; however, existing noise
models focus on only one or a few key noise sources, and do not capture the thermo-optic drift in the laser
frequency produced by thermal fluctuations or absorbed power. Here, we develop a coupled-mode theory of
Brillouin laser dynamics that accounts for dominant forms of noise in noncrystalline systems, capturing the
salient features of the frequency and intensity noise for a variety of systems. As a result, theory and experiment
can be directly compared to identify key sources of noise and the frequency bands they impact, revealing
strategies to improve the performance of Brillouin lasers and pave the way for highly coherent sources of light

on a chip.
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I. INTRODUCTION

In recent years, the highly coherent emission produced
by Brillouin lasers has enabled applications including com-
pact atomic clocks [1], visible light sources [2], precision
gyroscopes [3-5], ultrastable microwave generators [5,6], and
energy-efficient architectures for optical communications [7].
Key to these applications is the remarkable properties of
Brillouin lasers that enable narrow fundamental emission
linewidths [5,6,8—12]. While these fundamental linewidths
can reach subhertz levels [5,6,9,12,13], thermal and driven
sources of noise lead to frequency instability that produces
drift in the laser emission [14—16]. Predictive models cap-
turing all key noise sources may provide the insights to
overcome these challenges and pave the way to the hertz-level
frequency stability desired for applications such as precision
time-keeping and spectroscopy. However, empirically based
models capturing the key features of Brillouin laser perfor-
mance have not been developed.

To reach the levels of performance demanded by
precision applications for chip-scale Brillouin lasers,
the noise spectra of these lasers must be understood and
predicted. Many facets of Brillouin laser performance have
been described by models of transferred and fundamental
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noise [9,17-20]. Coupled-mode and envelope theories
predict phase and relative intensity noise transferred to the
laser emission from the pump [9,17,19], and have been
used to derive a Schawlow-Townes-like linewidth that
results from noise inherent to Brillouin scattering (i.e.,
the analog of spontaneous emission in the gain medium)
[9]. However, existing models neglect photothermal and
thermorefractive noise, which constitute fundamental
sources of noise within dielectric resonators, and must
be included to create predictive models. Investigations of
the fundamental frequency stability of dielectric resonators
lay the foundation for the understanding these effects as
well as thermally driven sources of noise arising from
Brownian, thermoelastic, and ponderomotive effects
[14-16,21,22].

In this paper, we develop a comprehensive model for
Brillouin laser dynamics in noncrystalline dielectric res-
onators such as silica microresonators [6,9,12,19,23,24] and
all-waveguide optical cavities [2,5,25-28]. By incorporating
thermorefractive and photothermal noise, this model captures
the noise sources critical to an understanding of the perfor-
mance of on-chip Brillouin lasers [15,16]. To validate our
model, we compare the predicted noise spectra with measure-
ments obtained from a SizN4 photonic integrated Brillouin
laser [2,5]. Using experimentally derived parameters, these
predictions capture the key features of the experimental laser
spectra including frequency and intensity noise. By identify-
ing and quantifying key sources of noise and the frequency
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bands they impact, these results reveal strategies to improve
the performance of Brillouin lasers and pave the way for
highly coherent sources of light on a chip.

The paper is organized as follows: Section II describes
the physical origin of the dominant noise sources in noncrys-
talline Brillouin lasers. Section III outlines the coupled-mode
theory capturing the dominant forms of noise. The laser’s am-
plitude and phase dynamics are derived, including the impact
of feedback that locks the pump frequency to the laser res-
onator. Thermorefractive and photothermal noise are modeled
by coupling the optical-mode dynamics with the temperature
field. We add temperature-dependent optical-mode frequen-
cies to the coupled-mode dynamics and solve the stochastic
dynamics of the temperature field that include drive terms
associated with fundamental thermal fluctuations as well as
the heat flux produced by the optical field. Section IV com-
pares model predictions to measured frequency and intensity
noise power spectra for an integrated waveguide Brillouin
laser. This comparison, and quantitative agreement, enables
the features of the noise spectra to be identified and under-
stood and therefore, through the equations given in Sec. III,
to be controlled. Section V summarizes the key results of the

paper.

II. SOURCES OF BRILLOUIN LASER NOISE

The performance of noncrystalline Brillouin lasers is de-
termined by spontaneous emission (fundamental noise) [9],
noise produced by both fundamental and driven thermal fluc-
tuations, and noise transferred from the pump laser. In this
section, we describe the qualitative nature and physical origin
of each of these noise sources. In later sections, we show how
these noise sources are modeled and provide expressions for
derived frequency and intensity noise power spectra.

Fundamental noise is inherent to the laser amplifica-
tion process. For a Brillouin laser, this noise is produced
by spontaneous Stokes emission from thermally populated
phonon modes. This effect has been explored in models
utilizing coupled modes [9,18] and envelopes [19], where
a Schawlow-Townes-like linewidth describes the frequency
noise [9] and the intensity fluctuations exhibit relaxation os-
cillations [18,19].

Thermorefractive noise occurs when temperature fluctua-
tions within a dielectric resonator lead to local shifts in the
index of refraction through the thermo-optic effect as seen in
Fig. 1(d). Consequently, a fluctuation in temperature can shift
the resonant frequencies of a cavity [14], illustrated by the
path from Fig. 1(d) to Fig. 1(a). Because this noise source
scales with the inverse resonator mode volume, thermorefrac-
tive noise can be a critical form of frequency instability within
microresonators.

Photothermal noise results from frequency fluctuations
originating from thermo-optic shifts in the index of refraction
that are driven by optical absorption of fluctuating intracavity
power [Fig. 1(c) to Fig. 1(d)]. These power fluctuations arise
from both fundamental amplitude noise of both pump and
Stokes modes within the resonator as well as relative intensity
noise (RIN) present in the source laser used to drive Brillouin
lasing, Fig. 1(b).

(b) Pump power (c)
8P from RIN P,
P, £ > aPabs,s S
t o
Pump power injected .
(a) into resonator Intrinsic AT RIN induced AT
—_— —_—
Pump — (d)
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fo frequency shift
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FIG. 1. (a) Physical origins of thermo-optic noise in a stimulated
Brillouin scattering (SBS) laser with resonant frequency fy. (b) The
pump laser power noise (relative intensity noise, RIN) injects relative
power shifts, §P,, into the resonator. (c) These pump fluctuations, and
the Stokes mode’s power fluctuations, are absorbed by the resonator.
(d) Intrinsic temperature fluctuations, the source of thermorefractive
noise, and temperature fluctuations from the absorbed power, the
source of photothermal noise, change the index of refraction. This
perturbs the resonant frequency (6 f), adding noise to the laser.

Transferred pump noise can be imprinted on the Brillouin
laser emission. While stimulated Brillouin scattering (SBS) is
known for producing laser emission with noise that is drasti-
cally compressed compared to the pump, this filtering ability
is ultimately limited by relative decay rates of the optical and
acoustic modes [17]. In addition, RIN of the pump also drives
intensity fluctuations of SBS emission, impacting the power
stability and leading to one source of photothermal noise.

Other noise sources are present within Brillouin lasers and
require careful analysis in systems, such as microtoroids or
crystalline resonators, where radiation pressure and thermal
expansion are significant compared to the thermo-optic ef-
fect. These ponderomotive and thermoelastic effects as well
as Brownian motion of the resonator structure are small
compared to the noise sources described above within the
noncrystalline SBS lasers considered here [15,16].

III. THEORY

To model Brillouin laser dynamics, we use a coupled-mode
theory, treating the optical and acoustic modes as mean-field
(lumped) elements [9,18]. The validity of this model requires
that the temporal changes in the electric field amplitude, the
loaded optical decay rate, and the gain bandwidth are all much
smaller than the free spectral range and relevant resonance
frequencies of the resonator; i.e., intermodal scattering is neg-
ligible and the rotating wave approximation (RWA) is valid.
Owing to the relatively large strength of electrostriction, we
neglect effects produced by the Kerr nonlinearity, i.e., self-
and cross-phase modulation, for example, valid for reason-
able intracavity powers in silica resonators (~ 100 mW), and
relatively small refractive indices. All theory presented in the
following section is generalized so that it is independent of
the material and geometry that the noncrystalline SBS laser
consists of.

Under these assumptions, Brillouin laser dynamics can
be modeled using the Hamiltonian H = Hy + Hi,, where H
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describes the uncoupled dynamics of the pump, Stokes, and
phonon modes,

Hy = hopala, + hosaias + hQb'D, (1)

and H,, quantifies the coupling of these modes through elec-
trostriction,

Hiy = hgalash + hg'b'agay, 2)

where we neglect the effect of cascaded-order lasing. Here,
wp, ap, and a; (ws, ag, and a}') denote the pump (Stokes) fre-
quency and annihilation and creation operators, respectively,
while 2, b, and b' are the phonon mode frequency and anni-
hilation and creation operators. The parameter g is a coupling
rate quantifying the electrostrictive interaction between the
pump, Stokes, and phonon modes which is determined from
the spatial overlap of the acoustic and optical modes and the
photoelastic tensor [18].

Using this Hamiltonian and adding the effects of optical
and acoustic dissipation as well as an external pump, we
derive equations of motion for the SBS laser. Under the as-
sumption that pump, Stokes, and phonon modes are phase
matched, i.e., w, = ws + R, we find Heisenberg-Langevin
equations of motion, evaluated in a rotating frame about the
resonance frequency of each field, given by

ap = —3Ypap — igash + /YexiFext + 1p, 3)
as = —3ysas — ig*b'a, + ns, 4)

A | ok T
b= —3Tb—ig'asa, + &, 5)

where I, y,, and yg are the respective acoustic, pump, and
Stokes mode decay rates, and 7, s, and & are the Langevin
forces for the optical and acoustic modes. For consistency
with thermodynamics, these losses and Langevin forces return
the perturbed system to thermal equilibrium in the absence
of electrostrictive coupling and external driving, and are con-
sistent with the fluctuation-dissipation theorem in the limit of
validity for the RWA. The external decay rate y.x; accounts for
the optical losses that occur when the laser resonator is cou-
pled to a bus waveguide and quantifies the fraction of supplied
pump power that can excite the resonator. The time-dependent
complex amplitude Fiy; accounts for the effects of the pump
laser, including noise, and is normalized so that the on-chip
pump laser power can be represented by P, = fiw,,|Fex|*.

The Langevin forces 7, ns, and & capture the quantum and
thermal fluctuations of the optical and acoustic fields, respec-
tively, and can be modeled by zero-mean Gaussian variables
with white power spectra [9,18,19]. The two-time correlation
properties for these force are given by

(8 O ()) = YiuNin 8 (& = 1)y (6)

W On], 1) = Vi WNo + DS = Ve, (1)
(ETDEW) = Tnwd(t — 1), ®)

(EME" (1)) = T(np + DS — 1), ©)

where Ny, ,, = (exp(hw,,/kgTy) — D! and ng = (exp(h2/
kgTy) — 1)~! are the thermal occupation numbers of the op-

tical and acoustic modes, respectively, Ty is the temperature,
and 7 and kg are the Planck and Boltzmann constants.

A further simplification of these dynamics can be obtained
when the phonon decay rate far exceeds the optical decay rates
(" > ym). Under these conditions, the phonon field amplitude
can be obtained in the quasistatic limit where the amplitudes
a, and ag evolve slowly compared to I', giving

o2
b~b— i%a;a,,, (10)

where b quantifies the thermal and quantum fluctuations of the
phonon field:

13:/ dr e 2 DE (7). (11)

o0

This approximation holds for frequencies significantly smaller
than the phonon decay rate. In Appendix A, we show that the
leading-order correction to Eq. (10) captures the frequency
noise transferred from the pump laser.

Inserting Eq. (10) into Egs. (3) and (4), we find the effective
SBS laser equations of motion,

ap = —%ypap — ,uasa;ap + VextFext + hp, (12)
as = —%ysas + ,ua;apas + hs, (13)

where = 2|g|>/T, quantifying the Brillouin coupling, is
proportional to the Brillouin gain [29], and h, =17, —
igash and hg = ng — ig*aplyr are “phonon-dressed” Langevin
forces. We have neglected the effect of spontaneous emission
on the pump decay rate [18]. These forces describe how quan-
tum and thermal fluctuations of the optical and mechanical
modes impart colored multiplicative noise on the optical fields
through electrostriction. While these approximations repro-
duce much of the key physics of Brillouin lasers, one must
retain the first-order corrections to the quasistatic approxima-
tion taken above in Eq. (10) to recover the line-narrowing
properties of Brillouin lasers described by Debut et al. (see
Appendix A) [17].

A. Fundamental and driven thermal noise

To model thermo-optic noise, we add the stochastic heat
equation to our model, accounting for fundamental and op-
tically driven thermal fluctuations, and include the impact of
these thermal fluctuations on the laser dynamics. To capture
the latter, we add a zero-mean fluctuating frequency @; to the
laser equations of motion that is driven by the mode-volume-
averaged temperature field. This modification does not affect
the previous adiabatic elimination to a linear order expansion
of the optical beat note, given that &, and &g are approxi-
mately equal, which is valid for a large class of resonators.
With these modifications, Egs. (12) and (13) become

ap = (—idp — yp/2)a, — nasasa, + Ve Fext + hp, (14)

as = (—ids — ys/2)as + pajayas + hs, 5)
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where @;, derived using modal perturbation theory, is given
by

. wj dn
o; = —n—:/d3x d—T|E0(x)|2T(t,x). (16)

Here, n, is the group index, dn/dT is the thermo-optic co-
efficient, Ey is the volume-normalized electric field strength
in the cavity (i.e., [d’x|Ey|* =1), and T(z,X) represents
temperature fluctuations about equilibrium [14]. The solution
to the driven heat equation given by

pCT(t,X) =V -k VT(t,X) = {(t,X) +Gopt ~ (17)

provides 7 (f,x), where « is the thermal conductivity, C
is the specific heat capacity at constant volume, p is the
mass density, ¢ (¢, X) is a zero mean Langevin force driving
fundamental thermal fluctuations according to the fluctuation-
dissipation relation (see Ref. [14]), and gy describes the heat
flux density produced by fluctuating optical power within the
resonator [29]. Here, gop captures all changes in temperature
produced by the presence of optical energy, e.g., absorp-
tion or electrostriction plus mechanical dissipation. Together,
Egs. (14), (15), and (17) provide a unified description of the
key physics that determine SBS laser dynamics in noncrys-
talline media (generalization to crystalline materials requires
the inclusion of thermal expansion). A rigorous treatment of
thermal expansion requires a treatment of the laser resonator’s
thermally driven mechanical motion as well as a modification
of Eq. (16) to include changes in the laser resonator brought
about by thermal deformations of the waveguide geometry.
These effects must be included in systems where thermal
expansion cannot be neglected.

B. Amplitude and phase decomposition

To explore the noise dynamics of the SBS laser described
by Egs. (14), (15), and (17), we decompose a,, and ag in terms
of phase and amplitude expressed by

a, = (a, + 8a,)e”, (18)
as = (a5 + Saig)e's. (19)

Here o, and g are time-independent, steady-state amplitudes
of the pump and Stokes mode, dc, and Sag represent fluc-
tuations about the steady-state amplitude, and ¢, and @y are
time-dependent fluctuating phases of the optical modes. The
steady-state amplitudes for the pump and Stokes modes (for a
single-order Brillouin laser above threshold) are given by (see
Ref. [18])

2 Vs
== 20
o, 2 (20)
1[4/ F,
Ol§ _ _[ Vext [ Fext _ &] @1)
% ap 2

We obtain the amplitude and phase dynamics by inserting
Egs. (18) and (19) into Egs. (14) and (15), linearize to first
order in fluctuating amplitude S« (assuming « >> o), and

TABLE I. Table of parameters for a Siz;N, waveguide resonator
[2]. The coupling rate g, acoustic decay rate I', and optical decay
rates y, s are the same for the pump and Stokes mode.

g 1.54 kHz Electrostrictive coupling rate

r (27)150 MHz Phonon decay rate

Vext (27)3.9 MHz External optical decay rate

Vp.§ (27)6.8 MHz Loaded optical decay rate

I 5.1 mHz 1/2 x Brillouin amplification rate

L 0.072 m Resonator length

o, 2.8 um Radial mode width

o, 0.85 um Vertical mode width

) 28.5 x 10° Loaded quality factor

Qs 0.035 m™! Absorption factor

Pext 0.042 W Frequency noise on-chip power

Py 0.025 W RIN on-chip power

Pg 0.006 W Stokes power

dn/dT  0.87 x 107> [21]  Thermo-optic coefficient

P 2300 kgm™> Plasma-enhanced chemical vapor
deposition (PECVD) silicon dioxide
density

C 10007J (kg K)~! Thermal silicon dioxide
Specific heat capacity

K 0.00847 Power coupling

Vg 2.06 x 108 m/s Optical group velocity

isolate real and imaginary parts, yielding equations for the
phase and amplitude of each mode:

A/ Vext

A 3
bp = —@p + ——Imlfy) + Y ImlFe], (22)
P

op
s = b + -], 23)
Sa, = —@5% — 2pasa,8as + Rely]
+ Vet (Re[Fexi] = |Fext ), (24)
Sdis = 2ua,aséa, + Relks], (25)

where 1, = hpexp(—ig,), hs = hsexp(—igs), and Foy =
Fexexp(—ig,). Because the coupling parameter ( is real when
perfect phase matching is satisfied, the phase and amplitude
dynamics decouple and can be analyzed independently. While
Eq. (22) describes the free running dynamics of the phase of
the optical mode driven by the pump laser ¢, in practice the
pump laser is locked to the SBS resonator using a feedback
loop. Using a control theory model for this feedback loop,
shown in Appendix B, the impact of this form of laser control
can be determined. For the experimental case explored in this
paper, where the SBS resonator linewidth is large compared
to the pump laser linewidth (see Table I), ¢, ~ —&, + &exi,
where & is a Langevin force modeling phase diffusion
and the linewidth of the pump laser. Under this same case,
the thermal effects described by Eq. (16) can be ignored in
Egs. (24) and (25).

In the following sections, we use the dynamics described
by Egs. (22)—(25) to model the frequency and intensity noise
of a SBS laser.
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C. Relative intensity noise

Relative intensity noise, produced by fluctuations of the
amplitudes do, and oy, leads to instability in the emitted
laser power. Equations (24) and (25) show that the RIN of
the Stokes mode has two sources: amplitude noise transferred
from the pump laser and fundamental fluctuations inherent
to Brillouin scattering [19]. Even for an ideal pump laser
(i.e., power stable), spontaneous Brillouin scattering is always
present, leading to amplitude noise.

The RIN can be expressed as an amplitude power spectral
density (PSD), using Eqgs. (24) and (25) and § Ps = 2Pséas /o
[18] we find

SRIN _ 4 OO ot
¢ (o] = oz_zf dt " (Sas(t + 1)das(t)). (26)
s J-

o]

To obtain an explicit expression for Eq. (26), we solve
Egs. (24) and (25) in the Fourier domain, and use the sub-
stitutions I'gr = /Vext|Fext|/0tp, Qrin = 2pa,as, and 5f =

fluctuations of the pump laser, to yield
Sas[w]

QRIN(Re[ holwl] + 8 flo]) + (—iew + FR)Re[hs[w]]
—? —iwlg + QRIN

27)

When Eq. (27) is inserted into Eq. (26), the first-order Stokes
SBS laser RIN is described by the summation of two PSDs
(assuming no cross-correlations, i.e., pump power fluctuations
are independent of fundamental fluctuations (hs[w]8 flo']) =
0) given by

SRN[w] = SRIN[w] + SRIN[w], (28)

trans

where SR oc (8 f[w]8 f[w']) and SRIN contains correlation
terms of Re[h [w]], Re[As[w]], and cross-correlation between
the two. These two terms represent intensity noise produced
by spontaneous scattering inherent (fundamental) to Brillouin
lasing and by instability in the pump laser power (transferred).

In agreement with prior work (see Refs. [18,19]), we find

the (single-sided) fundamental (SRN) contribution to the RIN

JVext(Re[Foyi] — |Fexe|), the latter representing amplitude  given by
|
8 1 |8 (1 + 2n0)Tysl(yp — Tr)* + @] | 1
SRINpF v 2 P 21 42N, 2 ) o2 ’
= G o — ol — ] L2 (4 ) + ]| )

exhibiting a relaxation oscillation peak near QgN. To connect
with experiment we express the pump-transferred contribution
to the intensity noise in terms of the (measurable) pump RIN

(SRIN) SRIN can be expressed as

SRIN [ a)] QZRIN

VextPext
trans ) 7 N RIN [a)]
iwlg — w | Wext

ext

(30)
|QRIN
Here, SRIN [w] and SRIN[w] are both single-sided PSDs.

In addition to the PSD describing the intensity fluctuations
of the SBS laser, fluctuations of the fotal intracavity power are
critical to calculate the photothermal noise (Sec. III D 3). The
total intracavity power P, and fluctuations in the total power,
8P,y , are given by

o + o3, 31)

hawgvg
8Pt & 7 [2op8a), + 2058as], (32)

where second-order terms in fluctuating amplitudes have been
neglected. The PSD for the total RIN, relevant to photothermal
noise calculated in Sec. III D 3, is given by

SRIN [ ]

tot

= / dTe " (SPo(t + T)SPo(1).  (33)
tot v —

This equation accounts for the transferred and fundamental

sources of RIN for both the pump mode and the Stokes mode

as well as cross-correlations between pump and Stokes ampli-

tude fluctuations (i.e., (8, das) # 0) [18]. The expression for

SRIN js given in Appendix E.

D. Brillouin laser frequency noise

To model the frequency stability of noncrystalline chip-
integrated SBS lasers, we analyze the four dominant sources
of frequency noise: fundamental noise intrinsic to the physics
of SBS lasing, transferred frequency noise from the pump
laser, photothermal noise, and thermorefractive noise. Owing
to the distinct physical origins of each of these effects, we
assume that these noise sources are uncorrelated and that the
power spectrum is given by the sum of PSDs for each of these
processes:

Stlw]

where ijc“"d[a)], S}R[a)], S;T[w], and S{*"[w] respectively
denote the PSD for the fundamental, thermorefractive, pho-
tothermal, and transferred noise. In the following sections, we
characterize the PSD for each of these noise sources. The
fundamental and transferred pump frequency noise can be
derived directly from our coupled-mode model, whereas the
thermorefractive and photothermal noise require an analysis
of the heat equation that depends on the geometry of the
resonator.

= Si™w] + ST 0] + S ] + S 0], (34)

1. Fundamental SBS noise

The fundamental noise can be derived using Eq. (23) when
s (thermal and power-driven frequency fluctuations) is ne-
glected, yielding a Schawlow-Townes-like linewidth whose
two-sided frequency PSD is described by

r2/4
+TI2/4

Vs

fund
$10) = 4

|:(Mh+1/2)+ (i + 1/2)]-

(35)
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The derivation of this result is described in previous works
[5,6,13,18,24]. Being intrinsic to Brillouin lasing, the funda-
mental noise sets the ultimate performance limits of an SBS
laser.

2. Transferred frequency noise

While the SBS emission linewidth can be several orders of
magnitude smaller than the pump laser linewidth, the noise
transferred from the pump can be significant. To capture the
effect of transferred noise, adiabatic elimination of the phonon
modes must be relaxed. Keeping first-order corrections (as
outlined in Appendix A), we find

Strans [w] ~ V_SZSext [a)] (36)
f 2°f

in agreement in the low-frequency limit with Ref. [17] and
Ref. [30] when the cavity finesse is high. S;’“[a)] is the fre-
quency noise of the external pump.

3. Thermorefractive and photothermal noise

At the scale of integrated photonics, certain noise limits
arise due to the size of the system that are not present in
larger-scale designs. At such small system volumes, thermal
fluctuations become more acute, perturbing the frequencies
of a resonator through the couplings between temperature
and optical properties. In noncrystalline systems there are
two main sources of thermally driven frequency instability
to be considered: thermorefractive and photothermal noise.
Thermorefractive noise is caused by intrinsic thermodynamic
fluctuations of the temperature within a resonator that perturb
the refractive index, while photothermal noise is produced by
refractive index changes driven by absorption of a fluctuating
optical field. Other noise sources can be significant in mi-
crophotonic systems as well; examples include thermoelastic,
Brownian, and ponderomotive noise. While these latter effects
can be important in crystalline systems, they are negligible in
comparison to thermorefractive and photothermal effects in
the systems considered here.

We derive the effects of thermal fluctuations on laser
frequency by solving the stochastic heat equation [14,16].
The foundation of this approach is derived from the ther-
modynamic relation between the zero-mean temperature
fluctuations (T'?) and the volume of the resonator, V:

_ kTy
© pCV’
We model fluctuations in the thermal field using Eq. (17)
[14,31,32], describing thermorefractive and RIN-driven pho-
tothermal sources of frequency noise. To approximate the
impact of the optical power on the thermal field, we express

dopt in terms of the fluctuations in the absorbed power within
the resonator given by

Gopt & s LIEg(X)|*8 Pt (1), (38)

(T?) (37)

where o, is the spatial decay rate of the optical modes
produced by absorption, L is the resonator length, and § P (f)
are the fluctuations of optical power within the resonator [29].
In the latter, we neglect the effect of group delay, valid when
the round-trip time is short compared to the characteristic

time changes in the power. Additionally, this particular form
for the absorbed power assumes that the spatial distribution
of the optical intensity over the waveguide cross section (but
not the overall power) does not change for translations
along the waveguide and neglects the impact of changes in
temperature brought about through electrostrictively driven
mechanical dissipation or thermal expansion.

Following Ref. [14] and generalizing to nonhomogeneous
systems, i.e., appropriate for waveguides comprised of multi-
ple materials, ¢ has the correlation properties given by

(€@, x)¢ (', X)) = —2kgTEV -k V8 (x — x)8(t —1'), (39)

where T is the equilibrium temperature, and V - 'V acts on
x in the § function. While these correlation properties are
not derived from first principles, they are consistent with the
fluctuation-dissipation theorem [14,33], ensuring consistency
with thermodynamics, and correctly reproducing Eq. (37). By
normalizing to steady-state power, the correlation properties
of the total intracavity power 6P are described by Egs. (29),
(30), and (33), including power fluctuations of both pump and
Stokes modes (see Appendix E).

Using an eigenfunction expansion, we solve Eq. (17), ex-
pressing the temperature fluctuations in terms of heat “modes”
that depend on the geometry and materials of the SBS res-
onator. The solution for the temperature field can be broken
into two components 7 = Ttr + Tpr, one quantifying fun-
damental thermal fluctuations [Ttg, i.e., see Eq. (37)] and
a second describing temperature changes brought about by
absorbed power (Tpr). Formally, Tt and 7py can be expressed
as

T, x)| _ [* 3, A=), % ot
TPT(t7X)} B /wodT/d ' Xuze o @, (X (x)

£(r.x)
X {aabsL|Eo(x’)|ZaPtm<r), “40)

where the eigenfunctions ¢,, (x) satisfy the self-adjoint eigen-
value equation

V- «kVp,(x) = —pCr,p,(X), 41

determining the real eigenvalues A, when boundary condi-
tions are applied, and satisfying orthonormality conditions
given by

/ d’x pC(X)gl (X) = 800 (42)

Here, the symbol p is a collective index labeling the eigen-
function.

Using Eq. (16) and assuming the fundamental temperature
fluctuations are uncorrelated with the intracavity power fluctu-
ations, the PSD of the frequency noise due to thermorefractive
and photothermal noise can be expressed as the sum of S}R [w]

and S?T[w] defined by

S}R[w]} _ %2 /d3x /d3x,dn(x) dn(x))
8

SiM ] dT dT
S;R[a); X, X']

SPTw; x, X1,

x |E0(X)|2|E0(X/)|2{ (43)
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where fj is the laser frequency and the two-point temperature
fluctuation power spectra are given by

SR [w;x, X] *© dreiot (Trr (1 + 7, x)T1R (2, X))
Sit s x, X/]} /_ v {(TPT(I + 7, x)Tpr(t, X')).
(44
Using Eqgs. (39), (41), and (42) and the definition for the
intracavity RIN, we find single-sided thermorefractive fre-
quency noise given by

o0

A
SR w] = 4kpTy 3 > ———1Eul (45)
f BLo Jo 7 lcun
- w? + A%
and photothermal frequency noise given by
2

SRINTW].  (46)

tot

SH @] = 2(QabsLPeav fo)*

S
m —iw + )‘u

Here, &, and F,, given by

| dn(x)
£, = / P S B )P (0 47)
Fo= / & |Eo ()20, (%) 48)

are overlap integrals between the heat modes and the optical
mode profile |Ey(x)|? and P.,, is the total average intracavity
power (including cavity buildup).

Under the assumptions described above, the results to this
point apply to arbitrary device materials and geometries. In
the next section, we use these results to predict the RIN and
frequency noise of a Si3Ny ring resonator SBS laser [5] and
compare these predictions with measured noise spectra.

IV. THEORY-EXPERIMENT COMPARISON FOR AN
INTEGRATED PHOTONIC Si3;N4 BRILLOUIN LASER

To validate the modeling described in Sec. III, we compare
the predicted noise spectra to measurements of frequency
and intensity noise of a Brillouin laser created in a high-Q
Si3Ny4 waveguide resonator [5]. For these predictions we use
the model parameters listed in Table I and measured noise
spectra for the pump laser. Where possible we use parameters
determined by independent measurements. However, some
materials and/or measured resonator properties have been se-
lected to improve the theory-experiment agreement based on
a known range of values and/or measurement uncertainty.

Relative intensity noise measurements (open black circles)
and predictions (blue/light gray line) are shown in Fig. 2.
These results show that the SBS intensity stability is well
described by transferred RIN (magenta dotted line) at low
frequencies (<1kHz) and by fundamental amplitude fluctu-
ations for Fourier frequencies above 1 kHz (gray dashed line).
A characteristic relaxation oscillation peak can be seen just
above 2 MHz.

In Fig. 3 predictions for fundamental and transferred fre-
quency noise [using Egs. (35) and (36)] are directly compared
with experimental data. These data show that these noise
sources are small compared to thermorefractive and pho-
tothermal noise over the range of frequencies shown.

In contrast with fundamental and transferred noise, thermal
instability depends on the resonator geometry. To model these

-60 T T T

0 o Experimental Data
-80 — Total RIN

=== Fundamental RIN
«ee Transferred RIN

-100

RIN (dBc/Hz)

-120

-140

-160

Frequency Offset (Hz)

FIG. 2. Relative intensity noise (RIN) of a first-order (Stokes
mode), ring resonator SBS laser. The black circles are experimental
data, the gray dashed line is the fundamental RIN, the magenta dotted
line is the RIN transferred from the pump, and the blue (light gray)
line is the composite of the models. The analytical model includes
effects due to the fundamental SBS physics and the pump laser.

thermal effects in a SizNy ring resonator, we approximate
the resonator geometry as a uniform cylinder with the same
spatial volume of the actual (rectangular) chip. The wave-
guide forming the resonator forms a closed ring centered on
the cylinder, with the radius of the SBS laser resonator, and the
resonator is assumed to be comprised entirely of silica (i.e.,
we neglect the changes in materials properties for the SizNy
waveguide and the silicon handle). For a cylindrical body, the
relevant normalized eigenfunctions of the heat equation that
quantify the temperature fluctuations that vanish at the bound-

b o Experimental Data

105 .
~ r — Total Frequency Noise A
% ==-Thermorefractive Noise
T — Transferred Pump Noise
9 — Photothermal Noise
) 103 seesFundamental Linewidth
z
o)
[
9]
>
o
9 10 prmmmmmmmmmmee i
[T

105
Frequency Offset (Hz)

FIG. 3. Frequency noise of a first-order (Stokes mode), ring res-
onator SBS laser. The experimental data are represented by the black
circles. The noise sources considered in the model are photothermal
[blue (light gray) line], transferred phase noise (lower purple line),
fundamental noise (gray dotted line), and thermorefractive (green
dashed line). The red (darker gray line) plot is the complete, analyti-
cal model of the frequency noise. Assuming that the individual noise
sources are uncorrelated, then those sources add to obtain this result.
The sharp spikes in the data are artifacts from the data collection
process. Any discrepancies of these spikes between the total and
individual noise sources are due to interpolation effects.
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aries of the resonator are given by

(%) sin (5) o)
JEHR pC1 (o,

@mn (1, 2) =

where H is the height of the resonator, R is the radius of the
cylinder, Jy(x) is the zero-order Bessel function of the first
kind, xq ,, is the mth zero of Jy(x), and n is an integer. The
relevant eigenvalues are 1, = K[x&m /R? + w2n?/H?1/(pC).
Finite element simulations show that the electromagnetic
mode profile is well approximated by the volume-normalized
expression:

1

—(r—R.)*/o}—|z—H.|/o.
——¢ ’ s 50
473/20,0,R, (50)

|Eo(r, 2)|* ~

where o, and o, are the mode widths in the radial and vertical
directions, R, is the radial distance from the chip center to
the core, and H. is the vertical distance of the core from the
bottom of the resonator (see Appendix F). We obtain the mode
widths o, and o, by fitting Eq. (50) to a simulated electro-
magnetic mode profile using a finite element solver (COMSOL
Multiphysics). Combining the optical mode profile in Eq. (50)
and the heat modes given by Eq. (49) with the equations for
the thermal and driven noise, Eqs. (45) and (46), allows for the
calculation of the thermorefractive and photothermal noises,
respectively shown in Fig. 3 as a green dashed line and a blue
(light gray) line.

Figure 3 shows that the Brillouin laser frequency noise
power spectrum is well described by a combination of pho-
tothermal, thermorefractive, and fundamental noise (gray
dotted line). These results give insights about how the fre-
quency stability of this laser can be improved. For frequencies
below 10 kHz, photothermal noise [blue (light gray) line]
dominates and can be reduced by improving the RIN of
the pump laser, lowering the intracavity power, or minimiz-
ing the optical absorption among other possibilities. Above
10 kHz, the frequency stability is determined by thermore-
fractive noise (green dashed line), which can be improved by
increasing the mode volume and utilizing materials with small
thermo-optic coefficients.

V. DISCUSSION

In this paper we have presented a unified coupled-mode
description of the dominant forms of noise for a wide array
Brillouin lasers, capturing the noise transferred from the pump
laser and thermally driven forms of frequency instability. In
particular, we developed a model for photothermal noise in
Brillouin lasers, accounting for thermal dynamics described
by the heat equation. We validate our model by compar-
ing predicted noise spectra with measurements of frequency
and intensity noise for an integrated photonic Brillouin laser.
Using empirically derived parameters and realistic material
properties as inputs, our model reproduces the key features
of the measured noise spectra (see Figs. 2 and 3) and enables
the noise over a wide spectrum of frequencies to be identified
and understood.

By identifying important noise sources, our model provides
insights that can pave the way to improved performance. For
example, our results show that the close-to-carrier (ctc) fre-

quency instability for an integrated photonic SizNy resonator
is dominated by photothermal noise. This noise can be re-
duced in two ways:

(1) Reducing the pump laser RIN, which dominates the
generation of photothermal noise at low frequencies, may
drastically reduce the ctc frequency noise.

(2) Counterintuitively, the frequency noise can be reduced
by stabilizing the laser by probing a second identical SBS
laser resonator as reference cavity at low power.

Indeed, a recent paper showed that the latter ap-
proach achieves an order-of-magnitude reduction in the laser
linewidth and two-order-of-magnitude reduction in the ctc
noise [34]. As applications of ultrastable lasers transition to
the chip scale, this model will provide a powerful tool to
test new design concepts, diagnose noise sources, and identify
paths to improved performance.
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APPENDIX A: CORRECTIONS TO THE QUASISTATIC
PHONON APPROXIMATION: PUMP LINEWIDTH
COMPRESSION

To capture the effect of the pump noise transferred to the
SBS laser, corrections to the quasistatic approximation for the
phonon mode dynamics much be retained. These corrections
can be derived from the exact solution to Eq. (5) given by

o0
b(t):—ig*/o dtie " 2a,(t —t))ai(t — 1)) +b. (A1)

Substituting this expression for b(¢) into Eqgs. (3) and (4), we
obtain the effective equations of motion for the Stokes mode
given by

as = (—ids — ys/2)as + hs
— lgl? / dhe""ag(t — t))ap()al(t —1y).  (A2)
0

Assuming that the pump and Stokes modes change very
slowly in comparison to the phonon decay rate, we can ap-
proximate the impact of the phonons on the Stokes mode by
using a Markov approximation, implying

o0
/ dne™ " ag(t — t))ap()al(t — 1)
0

2 + 4 . +
A Fas(t)a,,(t)ap(t) - E(GS(I)Q[)([)GP([)

+as(t)ay(1)ak (1)),

To obtain the corrections to the frequency noise as the qua-
sistatic approximation is relaxed, we decompose Eq. (A2)
in terms of phase and amplitude using Eqgs. (18) and (19),

(A3)
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linearize for small perturbations of amplitude and phase about
steady state, and take the imaginary part. We find

b5~ = b5 +Imlls] = T (=, + ) (Ad)
where Eq. (20), i = 2|g|?>/T, and the results of Appendix B
have been used to replace 4|g|*a>/T* with ys/T, @, with
—@p + &exe, and ys/I" < 1 has been used. Neglecting all
noise terms except for the phase diffusion of the pump
laser (see Appendix B), we find the frequency noise pro-
duced by instability in the pump laser phase given by
Eq. (36) in agreement with Debut et al. [17] in the limit
where ys/I" < 1.

APPENDIX B: CONTROL THEORY AND PUMP LOCKING

In practice the pump laser is locked to the resonator, mod-
ifying the laser dynamics and impacting the noise. To capture
this effect, we use control theory to model the impact of this
laser lock and derive equations of motion for the pump laser
phase. These results show that, with realistic parameters, the
carrier frequency of the pump laser tracks the resonances of
the laser cavity and the pump noise is transferred to the pump
light circulating in the cavity when the resonance width is
much greater than the pump laser linewidth.

We model the pump laser phase ¢ex; according to the equa-
tion of motion given by

Pext = —W¢ + Eext (BD)

where w. denotes the carrier frequency, which can slowly
drift and be externally controlled, and &. is a §-correlated
Langevin force describing the pump laser’s fundamental
linewidth. We assume that the pump laser carrier frequency
is locked to the SBS resonator using a Pound-Drever-Hall
(PDH) feedback loop [35-37]. Using this form of feed-
back, the probe laser is phase modulated and the beat note
of the transmitted carrier and sidebands is detected. This
measurement yields an error signal that quantifies the dif-
ference between the carrier frequency of the pump laser and
the resonances of the optical cavity. Assuming proportional-
integral-derivative (PID) feedback, a control theory model
yields the equation of motion for the pump laser carrier fre-
quency ¢, given by

Pe(t) = —gp(@c(t — At) — §p(t — At))

t—At
—&A dr (@e(7) — §p(0)

—gp(§c(t — At) — §p(t — A1), (B2)

where gp, g/, and gp are the respective proportional, integral,
and derivative gains of a PID controller used to stabilize the
pump laser frequency [38], At is the inverse loop bandwidth
or loop delay, and ¢, (here é)p = —@,) represents the phase
fluctuations of the resonator produced by thermorefractive
and photothermal effects. Through the dynamics given by
Eq. (B2), the feedback minimizes the error signal given by
e — »» seeking to bring the pump laser in resonance with the
time-dependent cavity frequency @,. The degree to which the
pump laser is brought into resonance with the cavity is deter-
mined by loop gain and bandwidth. We assume the PDH lock

operates with a modulation frequency much greater than the
resonator linewidth where the gain (or frequency discrimina-
tor) is proportional to /P, P, Aveyi/ Av?, where P, (Py) is the
carrier (sideband) power sent into the cavity and Av (Avex)
is the loaded (external) resonator linewidth [37]. This formula
generalizes the frequency discriminator for resonators with in-
ternal losses. Only for frequency fluctuations that vary slower
than the loop bandwidth 1/A¢ will the feedback modeled
by Eq. (B2) effectively bring the pump laser frequency into
resonance with the cavity.

In the Fourier transform, we obtain a solution for ¢, in the
frequency domain given by

D(w)@plw]

pclw] = m,

(B3)
where D(w) = (—iwgp + g1 — w?gp)e’®® accounts for the
locking dynamics. Next, we use this expression for ¢ [w] to
obtain phase dynamics of the mode driven by the pump laser.

Examining Eq. (22), we make the substitution Im[F] =
|Fext|Sin((pext - (pp) glVlIlg

. . 1 ~  Vex )
%=—%+;hﬂﬂ+jﬂﬁmmwm—%l®®
P P

For sufficient gain in the feedback loop, i.e., |D(w)| > w
(true within loop bandwidth for parameters in Table I),
Eq. (B3) predicts that ¢. ~ @,, assuming a narrow pump
laser linewidth enables a small angle approximation of
sin(@ext — ¢,), so that Eq. (B4) can be solved to linear order.
Under these conditions, we find

inR N
- - wplw]
—iw ~+ Tr)(—iw + D(a)))i|

1
(pp[w] = E[l + (

1 1 .
— —1Im[h
St Tra, m[h,[w]]

'z

- mgem[w],

(B5)
where I'g = /Vext|Fext|/ap. For the parameters listed in Ta-
ble I, respective PID gains of 0, 3.4 MHz, 0, and loop delay
At ~ 2us, Eq. (B5) shows that the phase of the pump mode
is dominated by thermorefractive and photothermal instability
and the linewidth of the pump laser, permitting the approxima-
tion ¢, ~ —), + Eext.

APPENDIX C: LOW-FREQUENCY LIMIT OF THE RIN

To examine the low-frequency limit, it is convenient to
manipulate the transferred RIN, Eq. (30), to be

trans [©] = :
T @/ Qrin)? — i(@TR/ Q) + 112

2
[J/S/(ZM) + Ol_%] SRIN
4a§ ext

[w]. (C1)

At the clamping point of the Stokes mode, or right as the
second Stokes mode starts to lase, a§ = ys/(2w). At the low-
frequency limit, @ — 0, the transferred RIN will be identical
to the pump’s RIN at the clamping point. If the second Stokes
mode can be prevented from lasing, potentially by tuning the
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resonator to be off resonance with this mode, then an increase
in the pump power will continue to decrease the Stokes RIN
past the pump’s RIN, further stabilizing the resonator.

APPENDIX D: CONSISTENCY OF EQS. (13) AND (14)
WITH THERMAL EQUILIBRIUM

Here, we show that the addition of a fluctuating frequency
to the resonator mode does not impact thermal equilibrium for
the optical modes when (1) the Langevin force is produced by
white noise and (2) the Langevin force and frequency noise
are uncorrelated. Ordinarily, the addition of noise to a dynam-
ical system is necessarily accompanied by additional sources
of dissipation in order for finite-valued averaged quantities
to exist (e.g., energy in thermal equilibrium). However, we
show that when the resonator linewidth is determined by
white noise, the addition of a fluctuating frequency is consis-
tent with thermodynamics without requiring additional decay
channels. In other words, zero-mean fluctuations of the res-
onance frequency drift do not appear to impact the average
time-coincident thermodynamic properties.

To show this, consider the dynamics of an optical mode that
include the effects of fluctuating resonant frequency. In this
case, the mode amplitude satisfies the Heisenberg-Langevin
equation (in the rotating frame at the mean resonance fre-
quency) given by

a=—@dd)+y/2a+n. (D1)

Here, the dissipation rate and the Langevin force n are se-
lected so that thermal equilibrium is achieved at long times; in
other words, the mean mode occupation number (a'(t)a(t)) =
Ny 1s given by the Bose-Einstein distribution.

Equation (D1) can be solved formally to give

t
a(t):/ dr e T0-D=i ) dnd@) )y (D2)

—00
Taking the expectation value of the photon number, assuming
that n and @ are uncorrelated, and that &@ commutes at different
times, we find

<a*(r)a(z)>=/ dt/ dt e 1=t

« <e_if:, dr &)(rl)><nT(T)n(r/)). (D3)

For white noise, i.e., (nT(x)n(r")) = yNud(r — ), we find
(e~ifodndm)y 5 1, yielding (a'(t)a(t)) = Ny, showing that
the frequency fluctuations do not impact thermal equilibrium.

While the mean thermal occupation number is not im-
pacted by time-dependent frequency fluctuations, the corre-
lation properties are. For the two-time correlation function we

find
(aT(t + ) = Nthef%Iﬂ(efif/urdn 6?)(1’]))’ (D4)

where, in the special case of Gaussian frequency noise,
(a®(t + T)a(t)) becomes

00 sinz (214
(@' (t + T)a(t)) = Nye 2Tl [ do ®5525110 - (ps)

where S¢[w] is the power spectrum of &/(2m). This result
shows that frequency noise can alter the temporal correlations.

COMSOL
simulation

08 = Eq. 50 fit

0.6

0.4

0.2

Electromagnetic Mode Profile

Radial Width (um)

FIG. 4. Simulated and approximated radial electromagnetic
mode profiles.

Amplitude correlations with thermorefractive noise

Under thermal equilibrium and when the optical decay rate
is much bigger than the eigenfrequency of the fundamental
heat mode, Eq. (D5) takes on a simple analytical form ex-
hibiting Gaussian decay. Using Eq. (45) for S¢, we find

®  sin®(wt)

o0

o0 sin(wt) A
=TI [0SR
n I

T
= kT f3 D 1€uP 5 =1 4 20,7+ 7L (D6)
I w

Here, y > )¢ (i.e., the fundamental heat mode frequency)
enables an expansion in small 7 leading to the two-time cor-
relation function given by

(aT(t + )at)) ~ Nme*%lr\efﬂszZ)rz’ D7)
where the variance in the frequency fluctuations is given by
(80”) = 4kp Ty 27 fo)? Y 1Eul7

n

(D8)

which can be obtained by integrating Eq. (45) over all positive
o and multiplying by 2.

T T T T T

1.0
o COMSOL
simulation

= Eq. 50 fit

Electromagnetic Mode Profile

Vertical Width (um)

FIG. 5. Simulated and approximated vertical electromagnetic
mode profiles.
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APPENDIX E: TOTAL RIN EQ. (33)

In this Appendix, we give an explicit expression for S

RIN
tot

[w] needed to compute the photothermal noise. The total RIN

accounts for all of the power fluctuations occurring in the resonator, including the cross correlations between the pump and
Stokes mode that are critical to model photothermal noise. Using Egs. (31) and (32), Eq. (33) is given by:

RIN __
tot

2
2 2
(ap + aS o

4 o
- —) / dte [or (8o, (t + T)8ay (1)) + a3 (Sats(t + T)ers (1))

+apas(da,(t + T)dag(t)) + asa, (Sas(t + r)&x,,(t))]. (ED)

where the solution for Egs. (24) and (25) enable the evaluation of the two-time correlation function, giving
4 x (@) 1 1 1 1 YextPext
RIN[, 7 _ 2|, 2 2 2 2 2 RIN
Sior @] = o+ a§)2 ap| @\ S¥s( N+ 5 ) +aslo ) + Qrin Fvs( Mot 5 | toplo | +o Mo Sext (@]

1 1 1 1 B
+ a§ [QZRIN (EVS (Nth + E) + aéLO) + ((,()2 —+ F%)(—ys (Nth + 5) + (XIZ)LO) + QZ VextlLe tSRIN[w]

1
- QRINFR(zolsapLo)] — a,0s [2QRINFR (- vs

2

) RIN Fa)ext ext
1
Nn + 5) + OliL()) — ZGsolpLo(Q]%IN — wZ):| }’ (E2)

where |x (0)|* = [(w* — QIZUN)2 + (wTg)*] 7! and Ly = %gz(nth + 1/2)#1,2/4. The correlation functions used to obtain Eq.

(E2) can be found in Ref. [18].

APPENDIX F: JUSTIFICATION FOR MODE PROFILE APPROXIMATION GIVEN BY EQ. (50)

In this section we justify the approximation of the mode profile given by Eq. (50). Using a finite element solver (COMSOL
Multiphysics), we obtain a numerical solution for the electromagnetic field accounting for the waveguide geometry and optical
properties. Radial and vertical cross sections of the simulated mode intensity are shown respectively in Figs. 4 and 5. We fit
Eq. (50) to these simulated data to obtain o, and o, plotted as green lines in Figs. 4 and 5.

By reproducing the qualitative features of the electromagnetic mode profile and also having a simple analytical form, Eq. (50)
enables simple approximations to the overlap integrals given by Eqs. (47) and (48).
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